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The ground state of hemispherical permalloy magnetic shell is studied. There exist two magnetic
phases: the onion state and the vortex one. The phase diagram is systematically analyzed in a
wide range of geometrical parameters. Possible transitions between different phases are analyzed
using the combination of analytical calculations and micromagnetic simulations.
Keywords: micromagnetism; magnetic nanoparticle; vortex state; onion state
1. Introduction
During last years there appears a growing inter-
est in studying of topological structures on curved
surfaces. This interest becomes stronger on the
one hand due to the interplay between geome-
try, curvature and physical properties of topologi-
cal structures. On the other hand, recent develop-
ments in nanotechnology makes it possible to pro-
duce nanoparticles of various shapes. For instance,
in nanomagnetism, topologically nontrivial struc-
tures, magnetic vortices, can form ground states of
nanosamples [1]. The control vortex statics and dy-
namics in scales of nanometers and picoseconds is of
crucial importance for applications such as magnetic
logic and memory concepts [2–6].
During last decade different aspects of magnetic
vortex statics and dynamics were studied; however,
investigations were mainly restricted to flat geome-
try. It is well known that the vortex state appears
as a ground state in sub–micrometer–sized mag-
nets due to competition between short–range ex-
change interactions and the long–range dipole in-
teractions [7]. For the smaller samples the ground
state is the monodomain one, which is character-
ized by the quasiuniform magnetization structure.
The curvature can crucially change the physical
picture. For example, in spherical shell the quasi-
uniform in–surface state is forbidden for topologi-
cal reasons; instead vortex singularities appear. Re-
cently we found that the curvature results in cou-
pling between the localized out–of–surface compo-
nent of the vortex with its delocalized in–surface
structure [8]. Recent studies of the equilibrium state
in soft magnetic permalloy caps on self–assembled
spherical particles revealed the vortex ground state
for individual caps [9] and closely packed cap arrays
[10]. Depending on the geometrical and magnetic
parameters of the caps, there exist different mag-
netization configurations (magnetic phases) in ex-
truded hemispheres: two monodomain phases (the
uniform easy–axis phase and the onion one), and
the vortex phase [9].
In this paper we consider another geometry of
the cap, namely a hemispherical shell. By combin-
ing analytical methods and micromagnetic simula-
tions we describe the equilibrium magnetic phases:
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the monodomain state and the vortex one. The key
moment is to propose a simple analytical approach,
which allows us to describe different states and tran-
sitions between them. We will see below that the
geometry of hemispherical shell results in a signif-
icantly modified phase diagram without a uniform
easy–axis state in comparison with extruded hemi-
spheres.
2. The model. Uniform state
We consider a classical magnetically soft particle,
using the continuous description for the magnetiza-
tion. In term of angular variables, the magnetiza-
tion, normalized by its saturation value Ms has the
following form
m =
M
Ms
= (sin Θ cos Φ, sin Θ sin Φ, cos Θ) . (1)
Our consideration is limited by two main contri-
butions to the energy functional, the exchange en-
ergy Eex and the magnetostatic energy Ems. We
neglect the anisotropy energy contributions, what
is a reasonable for the soft materials like permalloy
(Ni80Fe20, Py).
h 2R
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Fig. 1. Schematic of the hemispherical shell.
We consider a hemispherical shell of the in-
ner radius R and the shell thickness h, see Fig. 1.
The bottom cross-section coincides with the x–y
plane. For the homogeneous magnetization distri-
bution the total energy contains only the contribu-
tion of surface magnetostatic charges σ(r) = m · n
with n being external normal to the surface, which
consists of two hemispherical surfaces and a bottom
ring, see Fig. 1. The demagnetization factor of the
homogeneously magnetized sample reads:
N =
1
4piV
∫
S
∫
S′
σ(r)σ(r′)dSdS′
|r − r′| . (2)
Let us consider the shell, which is homogeneously
magnetized along x–axis. In this case σ(r) =
sinϑ cosϕ, where we use the spherical reference
frame for r = (r, ϑ, ϕ). The magnetic charges appear
only on spherical surfaces, hence one can calculate
the demagnetization factorNx in the following form:
Nx = Nx(Sin;Sin) +Nx(Sout;Sout)− 2Nx(Sin;Sout),
Nx(S;S
′) =
r2r′2
4piV
∫ pi/2
0
sin2 ϑdϑ
∫ pi/2
0
sin2 ϑ′dϑ′
×
∫ 2pi
0
dϕ
∫ 2pi
0
dϕ′
cosϕ cosϕ′
|r − r′| .
(3)
One can calculate demagnetization factors using an
expansion of 1/|r − r′| over associated Legendre
functions [11]
1
|r − r′| =
1
r>
∞∑
l=0
l∑
m=−l
(
r<
r>
)l (l −m)!
(l +m)!
× Pml (cosϑ)Pml (cosϑ′)eim(ϕ−ϕ
′).
Here r< = min(r, r′), r> = max(r, r′), and Pml (z) is
the associated Legendre polynomial. Then one can
rewrite (3) as follows:
Nx =
3
4(κ3 − 1)
[
(1 + κ3)S(1)− 2S(κ)] ,
S(x) =
∞∑
l=0
s2l
l(l + 1)xl−1
, κ = 1 + ε, (4)
sl =
∫ pi/2
0
sin2 ϑP 1l (cosϑ)dϑ =
√
pil(l + 1)
4Γ
(
3
2 − l2
)
Γ
(
2 + l2
) ,
where ε = h/R is an aspect ratio and Γ(x) is Euler’s
gamma–function. Using the explicit form of sl, the
series can be summed up. Finally, the demagnetiza-
tion factor (4) takes the form:
Nx =
1
9pi
(
µ3/2 − 1)
[
(µ− 1)(6µ+ 1)K(µ)
+ (3pi − 7)µ3/2 + 7(µ+ 1)E(µ)− 3pi − 7
]
,
µ = 1/(1 + ε)2,
(5)
where K(µ), E(µ) are the complete elliptic integrals
of the first and second kind, respectively [11]. The
energy density of the uniform state, normalized by
the value 4piM2SV , reads
Eu = Nx
2
. (6)
The energy Eu decreases slightly with an aspect ra-
tio, see the solid blue curve in Fig. 2.
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Note thatNx ≤ 1/3 and the equality takes place
for ε = 0, which means that it is easier to magnetize
the shell in the cut plane than along the z–direction.
It is instructive to mention that such a picture dif-
fers strongly from the case of extruded hemispheres
[9]. In the latter case there exist two monodomain
states: the onion state is favoured for small enough
aspect ratios, when ε < εc with εc ≈ 1.47 [9].
When ε > εc, an easy–axis magnetization distri-
bution is realized. The reason for the uniform easy–
axes state is dictated by geometry: the sample is
elongated along z–axis, having the shape of cylinder
with spherically deformed face surfaces.
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Fig. 2. Energies of different magnetization structures as
functions of the particle aspect ratio. Symbols correspond
to the micromagnetic simulations (Py shells with R = 15 nm
and different h), lines to analytics: solid blue line describes
the dependence (6), dashed red line corresponds to (11), and
the dash–and–dot green line corresponds to (16).
3. Vortex state
The monodomain magnetization distribution can
form the ground state for relatively small samples. It
is well known for flat samples [7], that the magneti-
zation curling becomes energetically favorable with
the particle size increasing. The reason is the compe-
tition between the exchange and stray field. In par-
ticular, for the disk shape particle, there appears a
vortex state [1, 7]. The static vortex state provides
the absence of volume and edge surface magneto-
static charges. The only small stray field comes from
face surface charges, which are localized inside the
core.
The static vortex configuration can be described
similar to the vortex configuration in disks:
cos Θ = pf(ρ), Φ = qχ+ Cpi/2. (7a)
Here we use cylinder coordinates (ρ, χ, z) for the
radius–vector r, the parameter q = 1 is the pi1 vor-
tex charge (vorticity), p = ±1 is the vortex polarity
(outward and inward), and C = ±1 is the vortex
chirality (clockwise or counterclockwise). The func-
tion f(ρ) describes a vortex out–of–surface struc-
ture, which is localized inside the vortex core with
the typical radius ρc of the order of the exchange
length `. Here we use the exchange Ansatz by Usov
[12]; according to it the vortex out–of–plane struc-
ture has the form of Belavin–Polyakov soliton [13]
inside the core, and takes zero value outside:
f(ρ) =

ρ2c − ρ2
ρ2c + ρ
2
, when ρ < ρc
0, when ρ ≥ ρc
, ρc = β`. (7b)
Here β ∼ 1 is the variational parameter.
For the analytical treatment of the model, we
make one simplification: we use a local shape–
anisotropy instead of the nonlocal stray field, what
is acceptably for thin particles [14, 15]. In the case
of the curved shell one has to consider the easy–
surface anisotropy [8] instead of easy–plane used for
the flat magnets. Nevertheless the vortex Ansatz (7)
has the localized structure out–of–surface, hence for
ρc/R → 0 the vortex solution in the easy–surface
model has the same structure as in the easy–plane
one. Using the angular parametrisation (1) for the
normalised magnetisation m, we limit ourselves by
the following energy functional
Eex+an = `
2
2V
∫
d3x
[
(∇Θ)2 + sin2 Θ(∇Φ)2
+
cos2 Θ
`2
]
,
(8)
where we assumed that ` R.
Under aforementioned assumptions we derive
the vortex state energy (8) using the vortex Ansatz
(7):
Ev = pi`
2h
V
ρc∫
0
ρdρ
(
1− f2
ρ2
+
f ′2
1− f2 +
f2
`2
)
+
pi`2
V
( R∫
ρc
dρ
ρ
√
(R+h)2−ρ2∫
√
R2−ρ2
dz
+
R+h∫
R
dρ
ρ
√
(R+h)2−ρ2∫
0
dz
)
,
(9)
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where the integration over ρ was splitted into three
domains: 0 < ρ < ρc, ρc < ρ < R and R < ρ <
R + h; we also assumed that the shape of the first
domain is cylindrical one. To simplify the further
analysis we suppose that exchange length ` is much
smaller than the system size R. In this case the en-
ergy (9) can be written as follows
Ev ≈ λ
2
2ε(1 + ε+ ε2/3)
[
(1 + ε) ln(1 + ε)
+ ε
(
1 + ln
2
βλ
+
β2
2β20
)]
,
β0 =
1√
3− 4 ln 2 ≈ 2.097.
(10)
Here λ = `/R  1 is a reduced exchange length.
By minimizing the energy (10) with respect to β,
one can find β = β0. Finally, the energy of the vor-
tex state shell, which corresponds to the optimized
value of β, reads:
Ev ≈λ
2 [(1 + ε) ln(1 + ε) + ε (3/2− lnλ)]
2ε(1 + ε+ ε2/3)
. (11)
The dependence (11) is well confirmed by simula-
tions, see the dashed red curve in Fig. 2.
4. Onion state
One more nontrivial magnetization configuration,
which is realized in magnetic cap, is the onion state.
Such a configuration is well known for the ring ge-
ometry, where the onion state appears as a high
remanence state. Onion states for the ring geom-
etry were intensively studied during the last decade
experimentally [16–19] and theoretically [20]. The
magnetization configuration in the onion state ring
in each half of the ring has an opposite sense of cir-
culation, forming two edge solitons (boojums). The
onion configuration is also known for the spherical
shells [8, 21]. Very recently we observed the onion
state in extruded hemispheres [9].
In order to describe the onion state in the
hemispherical caps, we propose the following one–
parameter Ansatz
m = (− sin θ, cos θ cosφ, cos θ sinφ) ,
cos θ =
x
r
, tanφ =
z + a r
y
(12)
with r = (x, y, z) being the radius–vector. Here
a > 0 is the parameter of the model, which de-
scribes the position of singularities: the case a = 0
corresponds to meridian–like magnetization distri-
bution, for a > 0 the position of the singularities
goes down in z–direction, for the limit case a  1
the magnetization distribution in the ring surface
(z = 0) becomes almost parallel, while it is still
quasi–tangential to the sphere in the outer and inner
surfaces. The typical onion configuration, described
by Ansatz (12) is presented in Fig 3.
(a) a = 0.5. (b) a = 5.0.
−1
1
mz
Fig. 3. Typical onion configuration from the Ansatz (12).
The energy functional consists of the exchange
term and the magnetostatic one. Similar to the pre-
vious section we replace the magnetostatic energy
of the spherical surfaces by its local counterpart,
the easy–surface anisotropy. This contribution is de-
scribed by the functional Eex+an, see (8). When we
described the vortex state it was sufficient to limit
ourselves by such approach since the vortex magne-
tization distribution does not produce neither vol-
ume charges nor surface charges on the ring surface.
It is not the case for the onion state. However, a de-
tailed numerical analysis shows that both volume
magnetic charge contribution and the contribution
due to the interaction between the spherical surface
charges and ring surface charges are negligibly small
as compared with Eex+an.
Analysis shows that the essential role in the en-
ergy balance plays the magnetostatic energy of the
ring surface itself
Ering =
1
8piV
∫
Sring
dSring
∫
S′ring
dS′ring
mzm
′
z
|r − r′| (13)
= Aε
1∫
0
dξ
1∫
0
dξ′
2pi∫
0
dχ
2pi∫
0
dχ′
σ(χ)σ(χ′) (1 + εξ) (1 + εξ′)
R(ξ, ξ′, χ− χ′) .
Here the source of the energy is the ring surface
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charges
σ(χ) =
a cosχ√
a2 + sin2 χ
, (14)
the other parameters are as follows:
Aε =
ε
16pi2 (1 + ε+ ε2/3)
,
R(ξ, ξ′, α) =
[
(1 + εξ)2 + (1 + εξ′)2
− 2(1 + εξ)(1 + εξ′) cos(α)
]1/2
.
(15)
In the same way we incorporate the Ansatz (12)
into the energy functional (8). As a result the energy
of the onion state reads:
Eo = Eex+an + Ering. (16a)
Using numerical integration we computed the en-
ergy of the onion state, which corresponds to the
optimal parameters ao from the condition
∂Eo
∂a
∣∣∣
a=ao
= 0. (16b)
The energy of the onion state (16) linearly increases
with the aspect ratio for small ε (due to the de-
pendence Aε ∝ ε) and rapidly goes to the satura-
tion value for higher ε mainly, see the dash–and–dot
green curve in Fig. 2.
One has to note that the energy of the onion
state is always smaller than the homogeneous one,
hence it can form the ground state in hemispherical
caps.
5. Phase diagram
Let us summarize results on the equilibrium mag-
netization distribution. By comparing energies of
different states, one can calculate the energetically
preferable states for different samples sizes. The
computed phase diagram is presented in Fig. 4. The
general properties of the phase diagram are as fol-
lows. The ground state of the very thin hemispher-
ical shell is the monodomain (onion) state. By in-
creasing the shell thickness one can switch to the
vortex state.
The boundary between two phases can be de-
rived as follows. Supposing that the monodomain
state is the onion one, described by (16), and the
vortex state by (11), one can compute the border,
which separates different phases, from the condition:
Eo = Ev. (17)
The numerical solution of this equation is plotted
in Fig. 4 by the solid (blue) line. Below this border
the onion state is realized, in the upper region the
vortex state appears. One has to note that our the-
oretical treatments are based on Ansatz functions
and gives only approximate description of the prob-
lem. It is also instructive to compare energies of the
uniform state and the vortex one:
Eu = Ev. (18)
Since the energy of the uniform state is always larger
than the onion one, the condition (18) gives the mi-
norant estimation for the boundary between differ-
ent phases.
6. Micromagnetic simulations
In order to verify analytical predictions we per-
formed micromagnetic simulations of energy mini-
mization procedure using MAGPAR simulator [22,
23] with Permalloy parameters: exchange constant
A = 1.3 × 10−11 J/m, saturation magnetization
Ms = 8.6×105 A/m, and on–site anisotropy was ne-
glected. The mesh size was varied from 0.5 to 4 nm
depending on the sample size. For each cap we make
two simulations with different initial states, namely
the rough vortex state and the uniform state along
x-axis.
The energy of the uniform initial state is shown
by blue triangles in Fig. 2. One can see that our an-
alytical approach (5) agrees very well with the sim-
ulated data. Numerically we determined the rema-
nent state using the energy minimization procedure.
We observed in simulations that the magnetization
was relaxed to the onion state, where the magne-
tization distribution is close to uniform in the top
view, while it is almost tangential in the side view
[Fig. 4(left inset)], cf. Fig. 3. The energy of the onion
state is almost constant for not very small aspect
ratios. One can see from the Fig. 2 that our the-
oretically calculated curves underestimate the en-
ergy of the vortex state for ε > 0.5. The reason is
that we do not take into account the contributions
to the magnetostatic energy by the volume charges,
by the interaction between spherical surface charges
and the ring surface charge, and by the interaction
of volume and surface charges. Nevertheless we see
that out theoretically calculated energy gives rather
good approximation for the simulated data.
In order to study the vortex state we used the
vortex magnetization state with polarity p = 1 and
chirality C = 1 [Fig. 4(right inset)] as initial one
and minimize the energy for this case. Red circles
in Fig. 2 correspond to the energy of the obtained re-
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Fig. 4. Phase diagrams of equilibrium magnetization structures in the hemispherical shell. Symbols correspond to simula-
tion data for Py nanoshellps: open green squares to the monodomain state and red circles to the vortex one. The solid line
corresponds to theoretically calculated border between the onion state and the vortex one as the numerical solution of (17).
The dashed line is calculated from the energy balance between the uniform state and the vortex one, which is determined
bu (18). Insets show magnetization distribution for onion and vortex state by micromagnetic simulations: two cross-sections
correspond to cut surfaces from Fig. 1.
manent vortex state. By comparing energies of vor-
tex and onion states one can see that the vortex
state is energetically preferable one when ε & 1 for
the caps with R = 15 nm, see Fig. 2.
To check our theoretically calculated phase dia-
gram, we use 3D micromagnetic simulations, as de-
scribed above. The comparison of our theory with
simulation data shows that the analytically calcu-
lated boundary (17) is located upper than the sim-
ulations data. The reason is that we underestimate
the energy of the onion state, see above, that is why
our curve majorizes the correct boundary curve for
not very small thicknesses, see the blue solid curve
in Fig. 4. We also plotted the curve, which results
from the energy balance between the uniform state
and the vortex one, see (18), which minorizes the
correct boundary.
One has to mention one more factor, which
causes deviations between analytical results and
simulations data: we limit ourselves in description
of the vortex and onion states by large sample radii
(R `), see (8). That is why our analytical descrip-
tion of the vortex state (10) and the onion one (16)
deviates from numerics for samples with small inner
radius.
7. Conclusions
In conclusion, we presented a detailed study of the
ground state of hemispherical magnetic nanoshells,
including monodomain (onion) state and the vortex
one. We proposed a simple analytical description
of such states and studied analytically the phase
transition between different ground states. As op-
posed to disks [24] and extruded hemispheres [9], the
phase diagram does not contain the uniform easy–
axis state. All results are confirmed by our direct
3D MAGPAR micromagnetic simulations.
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